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Abstract 

We show how the SL(5) duality in M-theory is explained from a canonical analysis of 
M2-brane mechanics. Diffeomorphism constraints for a M2-brane coupled to supergravity 
background in d = 4 are reformulated in a SL(5) covariant form, in which spatial dif- 
feomorphism constraints are recast into a SL(5) vector and the generalized metric in the 
Hamiltonian constraint is quartic in the SL(5) generalized vielbein. The Hamiltonian for a 
M2 brane has the SL(5) duality symmetry in a background dependent gauge. 



1 Introduction 



In contrast to the pure gravity theory, string gravity and membrane gravity theories con- 
tain rich duality symmetries governed by generalized geometry introduced by Hitchin [1], 
Gualtieri [2] for string system and Hull [3] for M theory. For these theories the general 
coordinate transformation is generalized to the gauge transformation for both gravity field 
and gauge fields coupled to extended objects and it is given by Courant bracket or C-bracket 
[4, 5]. Doubled formalism with manifest T-duality [6, 7] and double field theory formulated 
by [8] are complementary approaches to understand duality. Further studies appeared in 
[9, 10, 11, 12, 13, 14, 15, 16, 17, 18] and [19, 20, 21, 22, 23, 24] on D-branes. 

For a bosonic string theory the gravitational field G mn and the rank two tensor B mn 
field are mixed by the T-duality symmetry, where the relation between T-duality in the first 
quantized level and the one in the second quantized level is well known. On the other hand 
U-duality in the first quantized level and the one in M-theory have not been fully understood 
so far. The U-duality, as the symmetry of solitonic charges associated with extended objects 
[25], is the hidden symmetry in the 11-dimensional supergravity theory [26]. The relation 
between the U-duality and a membrane duality was shown by Duff and Lu [27] using with 
the Gaillard-Zumino's (GZ) dual formulation [28]. Recently the supergravity is reformulated 
in a manifest duality covariant way by Berman and Perry [14], relating to the membrane 
duality which is also treated in the GZ dual formulation. 

In this paper we examine the membrane duality in canonical language instead of the GZ 
dual formulation. We focus on the SL(5) duality for the case of d — 4. In reference [23] one 
of the present author has made a canonical analysis of D-brane mechanics to obtain Courant 
brackets by using which the general coordinate transformation and the gauge transformation 
for D-branes are derived. In this paper we apply the above analysis to a M2 brane, and we 
clarify the relation between SL(5) duality in M2 mechanics and the one in the supergravity 
theory. 

One of the typical features of actions of extended objects is the diffeomorphism invariance. 
For a string case the a-diffeomorphism constraint, which corresponds to A =q§^q§— = 
constraint for example in [8] , plays an essential role. Diffeomorphism constraints for a bosonic 
string are written in terms of Z M = (p m , d a x m ) which is the basis of the generalized geometry, 
where x m and p m are string coordinate and its conjugate momentum with m — 1, • • • , d. The 
a-diffeomorphism constraint 1-L a and the r-diffeomorphism constraint, Hamiltonian / H±, for 
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where M MN is the generalized metric as a function of G mn and B mn . The a -diffeomorphism 
constraint "H CT has 0(d, d) invariance. Under the 0(d, d)3 g transformation, Z — > gZ, 
the Hamiltonian is covariant since G and B are coset parameters of 0(d, d) /0(d) x 0(d): 
M(G, B)^M' = g T Mg = M(G', B') and so H±(G, B) -)• H±(G', B'). 

On the other hand the fundamental basis for a M2-brane are Z M = (p m , ^e lj diX m d i x n ), 
i = (1,2). Invariant symmetry of a 1 -diffeomorphism constraints, Hi = p m diX m = 0, is not 
apparent in this form. Multiplying e^djX p on "Hj makes W to be bilinear in Z m , although 
the metric p MN '<P is not manifestly duality symmetry invariant as seen in [23]. In this paper 
we pursue the diffeomorphism constraints in focusing on d = 4 case leading to the SL(5) 
duality. 

The organization of this paper is the following: In section 2 a canonical analysis of a 
M2-brane is presented in the basis of the generalized geometry. In section 3 we show that a 
Courant bracket for a M2 brane is calculated and generalized gauge transformation of G mn 
derived by using the Courant bracket. In section 4 we examine the invariance of 
the diffeomorphism constraints for d = 4 case. We show that a l -diffeomorphism constraints 
are recast into a SL(5) vector in terms of the basis in a form of SL(5) rank two tensor, 
resulting SL(5) invariance on the constrained surface. The Hamiltonian constraint is also 
rewritten in terms of the tensor basis, and the generalized metric is rewritten as a rank four 
tensor, antisymmetric in a pair of two indices and symmetric in pairs, parameterized by G mn 
and C mn i. We show that the generalized metric is written in a quartic form of the general- 
ized vielbein given in T 4 compactified supergravity theory [26, 29, 30]. Then reformulated 
diffeomorphism constraints are manifestly SL(5) covariant in a gauge which depends on the 
background. It leads to SL(5) duality symmetry transformation for supergravity fields. 



2 Hamiltonian for a M2-brane 

We begin with an action for a M2-brane 

/ = f d 3 a (C + C wz ) 

J M 
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(2.1) 
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where G mn (x) is the background metric and C mn i(x) is a rank three anti-symmetric gauge 
field. We focus on the bosonic part only throughout this paper. Target space indices, 
the 3-dimensional world volume indices and spatial world volume indices are denoted by 
m, n, • • • — 0, • • • , d — 1; fi, v, ••• = 0,1,2 and i, j, ••• = 1,2 respectively. The canonical 
momenta are defined as 



Pn 



= T, 
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The Hamiltonian constraint and the a*-diffeomorphism constraints are 
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similar to the IIA D2 brane case [31]. The determinant term can be rewritten as 
det/itf = ^d^d^G^G,^' 3 'd v x m 'd r x n ') . 

For simplicity we take a unit Tmi = 1 throughout the rest of this paper. Then the Hamil- 
tonian constraint for the M2-brane in curved background is given by the Zm basis and the 
generalized metric as 
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It is rewritten as 
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It is further rewritten as 
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with G mn = e m a ^n' r lab- The diffeomorphism constraints = 1,2) can be also written in 
terms of Zm basis by contracting with e^djX 9 



W = \e ij diX p Hj = -Z M p MN -- p Z N = , p MN ' p 



W 



(2.5) 



where W(p — 0, d) are reducible. 

Now Zm is a fundamental basis of the canonical analysis. The Zm algebra is given by 

/ 

{Z M (a), Z N (a')} = ip MN di5(a - a') , p i MN = 
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(2.6) 



where p M N is divergenceless, dip l MN = 0. The metric p ! MJV in (2.6) reduces to the metric 
pMN ;P - m £2,5) f or the ground state in static gauge, djx p = 5 P . 



3 Courant bracket for M2 brane 

In this section we will write down a Courant bracket for a M2 brane explicitly in the notation 
of [23]. Let us consider a space generated by the algebra in (2.6). A vector in the space is 
given by 

A = A M Z M = A + A [2] e T © A 2 T* 
A = A m Pm , = \A mn \&diX m djX n . (3.1) 

The canonical commutator between two vectors A 1 (cr) and A 2 (cr') is given by 

{^(a), A 2 (a')} = -iA 12 (a)5(a -a')+i (^^ (12) (a) - i±^ (12) (a')) d^a - a') 

(3.2) 

with 

A 12 = A [1 l d l A 2] m Pm 
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+\ (f-x^l - ^|(A[i'A 2]i |n]) + Kd [ml (A {1 l A 2)lln] )) \t l3 d t x m d 3 x r - 
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tt' (12) = A {1 m A 2)mn -e^d jX n = -A^A.Va™ (3-3) 



X is an arbitrary constant reflected by an ambiguity of di5(cr — a') as shown in [23]. Courant 
bracket for a M2-brane is given as A 12 part in (3.2); 

[A 1 ,A 2 ] M2 = {\i,\2]+Cx [1 \ 2 2 l-d(L X[1 \ [ 2 2 J) (3.4) 
[A!,A 2 ] = A^ 1 d n A 2 ] m p m 

£ X[1 \M = \ (A\ x d x A 2Xmn + d [ml A l {1 A mn] ) \&dix m djx n 
k ) = ^(Aj^^) ie^'^^^x" 

for fT = 0, and 

[A!,A 2 ] M2 = \\ u \ 2 ] + C Xl \ [ 2 2] -L X2 d\ [ i ] (3.5) 

£ Al A| ] = i(A' 1 ^A 2m „ + 9 H A' 1 A 2%] )|e i ^^x" 
. A2 dAf ] = A^A^^d^d^ 

for X = 1. 

Now let us calculate the generalized gauge transformation. It is convenient to introduce 

(Ca) M =( ?f ) , e m V = 5 n m (3.6) 

where a is the local SO(d) index. The gauge transformation rule is given by the Courant 
bracket in (3.5) as 

«4) M = [e,(4) M L • t=[% ) ■ (3-7) 

From the above transformation we obtain expected transformations of G and C by contracted 
the local SO (cf) indices, 

(3.o) 

^C rnn i = i v d v C mn i + <9[ m |£ p C p | ni ] + <9[ m £ [2l ri Z ] 

It turns out that the gauge parameter £^ mn has a further gauge invariance, namely 
gauge symmetry of gauge symmetry. It is given by the invariance of the Courant bracket. 
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We assume that A M 's are functions of only x m . Under local transformations, <5Aj, i — 1,2, 
invariance of the Courant bracket up to the total derivative is given as 



J d 2 a [A^Aa]^) = . (3.9) 



There is no further gauge symmetry of Aj m as seen from the coefficient of p m in (3.9). But 
there exists gauge symmetry of the parameter A\. mn as seen as below; The coefficient of 
|e lJ diX m djX n in (3.9) for K — 1 allows further gauge invariance as 



<JAgL n = d [m \Ci\n]^ 5 (C Xl \ [ ? - L\ 2 d X2 d\ [ ?) = d m (A 1 l d v C2\n])le i W i x m d j x n 

= di^d^n^X^djX^ .(3.10) 

Therefore gauge symmetry of the gauge parameter is given as 

riM \ 5Ai m =0 , 
SAf = { * . (3.11) 

When the parameter is chosen as Q- n = c n Q with a constant vector c m , the transformation 
becomes 5Ai = — C[ m d n ]Q as the survived component of cip MN ' l d^Q. The gauge symmetry 
of the gauge parameter | in (3.8) is 5£ m = 0, 5£$ n = d [m C, n] . 



4 SL(5) duality 

Diffeomorphism constraint for a bosonic string theory is invariant under T-duality sym- 
metry. However this is not apparent for a membrane theory. The duality symmetry of 
the background field should be a reflection of the duality symmetry of the world volume 
mechanics of Z M (cr). So diffeomorphism constriants for a M2-brane should have U-duality 
symmetry. 

The pure gravity theory has global G=SL(<i) and local H=SO((i) symmetries, where the 
vielbein field is an element of the coset G/H; e m a — > g m n G n h hb a with G3 g and H3 h. 
Including to the shift of the dilatation field, GL(1), it is extended to the hidden symme- 
try which is larger symmetry than the manifest d- dimensional invariance with subgroup 
SL(cf)xGL(l) [26]. In this section we focus on d = 4 case and compare it with the known 
result of the SL(5) hidden symmetry of the supergravity theory. We analyze the symmetry of 
a % -diffeomorphism constraints for a M2-brane at first. Then we obtain the duality transfor- 
mation for G mn and C mn i from the SL(5) transformation of the Hamiltonian for a M2 brane 
coupled to supergravity background, which is compared with the U-duality transformation 
of the T 4 reduced supergravity theory. At the same time we reformulate the diffeomorphism 
constraints and the Hamiltonian constraint in a manifest SL(5) symmetric way. 
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4.1 SL(5) invariance of M2 diffeomorphism constraints 

Let us begin with the a 1 -diffeomorphism constraints in (2.5), W = Z M p MN]P Z N = 0, 
which would have larger symmetry than the manifest d-dimensional invariance. The number 
of basis Zm is d + \d(d— 1) = \d(d+ 1), which is the number of the antisymmetric rank two 
tensor in (d+ l)-dimensions. A question is whether the diffeomorphism constraint manifests 
the U-duality symmetry as was the case of string where the T-duality is realized as the 
0(d,d) invariance of the metric p MN in (1.1). 

In 4-dimensions the basis Z M is identified as 10 = 4 + 6-dimensional representation of 
SL(5). It is rewritten as a 5-dimensional rank two anti-symmetric tensor as 



Z M — 



( p \ 



y ^e lj d i x rn djX ' j 



Zmh ' 



Z$ n = Pn 

Z —If Jjf>. r pf). r <i 

^rnn 2 mn P1 u i- h w J Jj 

m = (ft, m) and m — 1, • • • , 4. (4.1) 



Similar representation have been used in [32]. Under infinitesimal SL(5) transformations 

A«? =(~ a r n ) , a = a m m , (4.2) 

covariant and contravariant vectors are transformed linearly as 5u m = A m n Un , Sv m = — 

v n A m n , so that iy m Um) is invariant. Thus the rank two tensor = (Z$ n , Z, mn ) in (4.1) 
transforms as 

SZrhh = A\fn\Zl^ 

$Z in = -&Z in + aJZy + ^ l Z in 
8Z mn = f3[ m \ZQ\ n ] + a>[ m l Zi\ n ] 

In this basis the a 1 -diffeomorphism constraint in (2.5) is written as 



(4.3) 



W = X -Z M ~p MN -*Z N = e mnlp Z im Z nl = . (4.4) 
Under SL(5) in (4.3) the diffeomorphism constraints are invariant as 

Sn m = -H n a n m = . (4.5) 
Noting Z mn = e mnpq \e^ diX p djX q in (4.1) it holds an identity 

It leads to the diffeomorphism constraints as a SL(5) vector form, 

H'" h U '%,K< ,m=%m)- (4-7) 
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Under the SL(5) transformation it is transformed as 

Z m h 9m m 9h n ^m'h 1 ; 9 = 1 + A E SL(5) 

^ % rn ^ e™Hg A *'g?g/g/Z A , il Z M = H*\g- 1 U.* . (4.8) 

It is mentioned that 0(3, 3) symmetry can be seen from the metric of the a 1 -diffeomorphism 
constraint p MN >P in (2.5). If we choose the direction of 'H p vector to be "H 1 by the SO(rf) 
rotation, then off-diagonal element S}^ becomes 6™ for I = 2, • • • , d, resulting its rank to be 
(d — 1). Using an elementary matrix V it is written as 





( 





i(d-i) 








~MN;p = jyT 




i(d-i) 








v , 


(4.9) 




K 








o J 







which contain 0(d — 1, d — 1) invariance manifestly. This gauge choice may be related to 
the double field formalism. The more general argument on the relation between M theory 
duality basis and double field theory basis is given in [16]. 



4.2 SL(5) duality transformation from M2 Hamiltonian 

It is known that there exists a global symmetry in <i-dimensionally reduced supergravity 
theory which is larger than the one for the pure gravity theory, SL(d,R) xGL(l,R). For the 
supergravity theory with T 4 it is SL(5,R) including the subgroup SL(4,R)xGL(l,R). 
The gauge field (C a ) M in (3.6) is recasted in the Z^n basis in (4.1) as 

1 - - f (C a ) in = e a n 

{C a ) M Z M = -{C a ) mn Z^ h , (C a ) mn = I = l e mnpq(^ a ^ ' ( 410 ) 

which is also written as 

(C a ) mn = \e npqm e a l C pql = & m e a n ^ , C m = ^e mnlp C nlp . (4.11) 
The Hamiltonian constraint for a membrane in (2.3) is written as 

n± = \z m m mn z n = \z U 

Z o 

j^mn;pq _ ^^jhh^ab;cdy^M ^db;cd _ fi[a\cfi\b}d 

W hfi mn = [ b \ I , (4.12) 
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with indices (ah) = (\\b, ab), (fan) = (jjra, ran) and e = dete m a . W^ mn is a 10x10 matrix 
representation of va n in (2.4). It is a coset element of SL(5)/SO(5) expressed by 24 — 10 = 
10 + 4 = 14 coset parameters G mn , C mn i. The 10x10 matrix W^ 171 ™ contains the 4 x 10 
matrix (C a ) rnn manifestly and the local SO(5) symmetry is used for the triangular gauge. 

Furthermore W in (4.12) is a tensor product of the 5x5 representation of the coset 
SL(5)/SO(5). It is known that the "generalized vielbein" for T 4 reduced supergravity as a 
coset element SL(5)/SO(5) derived in [26, 29, 30] 

/ e 3 / 5 e- 2 / 5 C l e, a \ 

The SL(5) invariant current is constructed as V~ 1 d ll V. Bilinear of its coset part gives the 
d-dimensional part of supergravity action. It is transformed as V — > gVh with g e SL(5) 
and h G SO(5). After the SO(5) pull back, the SL(5) transformation rules are given by 

5e m a = a m n e n a + f3 m C n e n a + eJ\ b a -^(a + C l ft)e m a 

SiG rnn = Ol( m \ l Gl\ n ) + (3( m \C l Gl\ n ) - -(a + C l (3l)G mn 

<j (4.14) 
SC m = -aC m -C n a n m + e 2 p n G nm - fo&C™ + ~f m 

where SO(4) symmetry parameter is Xb a . 

The SL(5) tensor W^ mn is rewritten by this "generalized vielbein" as 

/ e -3/5 _ e -3/5/7m \ 
W J«n = e V5 ( y-l )a [- ( y-l )s n] > y-lJH = I ^ ^ ^ \ (415) 

then the "generalized metric" in (4.12) is rewritten as quartic in the generalized vielbein as 

p 2/5 . „ 

j^mh-M = _ (y- 1 ) a [™(r 1 )f 1 ^ iW (V" 1 ) tf [# (r 1 ) 6 ,'' 1 



/ Qnq —(j\pQq\n \ 



— C^ m G n ^ q e 2Qp[mQn]q _|_ Q[m Qn][q (Jp] 

The Hamiltonian constraint for a M2-brane in (2.2) is now written as 



, (ran) — (jjn, ran). (4.16) 



p.2/5 . . i 



h± = —-h^Jvy , -hi = 2<y~ 1 )* Vh z**<y~ 1T )* ] h ( 4 - 17 ) 

where the current J a j is manifestly SL(5) invariant and SO(5) invariant to guarantee the 
SL(5) covariance of the system. By choosing a gauge of the r-diffeomorphism invariance 
h = e 2 / 5 

H = Jd 2 a hH ± , h = e- 2 / 5 H = J d 2 a \j^' a ' h ' J & , y , (4.18) 
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then the Hamiltonian has manifest SL(5) invariance. 1 The SL(5) duality transformation of 
G mn and C mnt are given in (4.14). 

5 Summary and discussion 

We have seen how the SL(5) duality in M-theory is derived from the M2-brane mechanics. A 
Courant bracket for a M2-brane is obtained to derive the generalized gauge transformation 
rules for G mn and C mn i. It is natural to use the anti-symmetric rank two basis Z,^ as 
10-representation of SL(5). In this basis the diffeomorphism constraints are rewritten as a 
SL(5) vector showing the SL(5) invariance on the constraint surface. The Hamiltonian is 
written by the rank four generalized metric which is quartic in the generalized vielbein. The 
generalized vielbein is an element of the coset SL(5)/SO(5) parameterized by G mn and C mn \. 
Thus the SL(5) duality transformation of G mn and C mn \ is obtained as that of the coset 
parameter. The diffeomorphism and Hamiltonian constraints in a background dependent 
gauge are invariant under the SL(5) transformations of the basis Z^n — > gm m ' 9h n ' Zm'h'i when 
the coset parameters G mn , C mn i are transformed in the non-linear realization of SL(5)/SO(5). 

The extension of this analysis to M5-brane system involves 16- representation of SO (5,5) 
duality symmetry in d — 5. The 16- representation of SO (5,5) contains 5 + 10 + 1 which cor- 
responds to the usual vector, 2-form and 5- form in d — 5. Including such higher dimensional 
cases manifestation of duality symmetries is forthcoming problem. Treatment of RR gauge 
fields and fermionic fields are also necessary to be clarified. 
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